A geometric generalization of the first-order Lagrangian formalism is used to analyse a conformal field theory for an arbitrary primary field. We require that the global conformal transformations are Noetherian symmetries and we prove that the action functional can be taken strictly invariant with respect to these transformations. In other words, there does not exists a "Chern-Simons" type Lagrangian for a conformally invariant Lagrangian
Introduction
Conformal field theories continue to be a domain of active research. (See for instance [1] and references quoted there). For various reasons all investigations are done in the framework of quantum field theory. The investigation of these theories in the framework of classical field theory seems to be absent from the literature. This can be explained, as pointed out in [1] p. 190, because the local conformal transformations cannot be defined everywhere in the complex plane; the analiticity forces them to diverge somewhere. So these type of transformations cannot be interpreted as invariance transformations for a classical Lagrangian. However one can consider only the global conformal transformations (also called the homografic transformations) which can be defined as bijective applications of the completed complex plane C ∪ {∞}. We think that such an analysis is not without interest.
In particular, we are adressing the following question. Let us consider a first-order Lagrangian theory for a primary field. (This hypotesis is made for simplicity, but in principle one can consider more than one primary field). We impose the condition that the global conformal transformations are Noetherian symmetries i.e. according to the usual definitions (see e.g. [2] , p. 16) the action functional is invariant up to a trivial action (≡ an action giving trivial Euler-Lagrange equations of motions). We will be able to prove that one can redefine the action functional such that it will be strictly invariant with respect to these transformations. So, there are no Lagrangians of the "Chern-Simons" type for a (global) conformal field theory.
The main technical tool will be the geometric Lagrangian formalism developped in [3] - [7] (see also [8] ) for classical field theory starting from original ideas of Poincaré, Cartan and Lichnerowicz. The same technique was aplied by the same author for studying gauge theories, gravitation theory, etc. (see ref. [8] and references quoted there).
In Section 2 we present the general framework (more details can be found in [8] ). In Section 3 we particularize the results of Section 2 for a conformal field theory. In Section 4 we derive the most general Lagrangian theory (in the sense of Section 2) compatible with conformal invariance.
General Theory
2.1 Let S be a differentiable manifold of dimension n + N . The first order Lagrangian formalism is based on an auxiliary object, namely the bundle of 1-jets of n-dimensional submanifolds of S, denoted by J 1 n (S). This differentiable manifold is, by definition:
where J 1 n (S) p is the manifold of n-dimensional linear subspaces of the tangent space T p (S) at S in the point p ∈ S. This manifold is naturally fibered over S and we denote by π the canonical projection. Let us construct charts on J 1 n (S) adapted to this fibered structure. We first choose a local coordinate system (x µ , ψ A ) on the open set U ⊆ S; here µ = 1, ..., n and A = 1, ..., N . Then on the open set V ⊆ π −1 (U ), we shall choose the local coordinate
We will systematically use the summation convention over the dummy indices.
By an evolution space we mean any (open) subbundle E of J 1 n (S). 2.2 Let us define for a given evolution space E:
It is clear that any σ ∈ Λ LS can be written in the local coordinates from above as follows:
Here ε µ 1 ,...,µ n is the signature of the permutation (1, ..., n) → (µ 1 , ..., µ n ), δψ A is by definition: It is remarkable that the following relation has an intrinsic global meaning:
This can be verified directly by computing the transformation law for the functions σ ...
... with respect to a change of charts on E induced by a change of charts on π(E) ⊆ S. More abstractely [6] , one can prove this as follows. One defines first the local operator K on Λ LS by: 6) and proves that K is in fact globally defined. Then one can show that (2.5) is the local expression of the global relation:
We say that σ ∈ Λ LS is a Lagrange-Souriau form on E if it verifies (2.7) (or locally (2.5)) and is also closed:
In practical computations we will need the local form of (2.8). By some work one arrives at the following relations:
for k = 0, ..., n. Here a hat means as usual omission.
We will call (2.5) and (2.9)-(2.11) the structure equations.
A Lagrangian system over S is a couple (E, σ) where E ⊆ J 1 n (S) is some evolution space over S and σ is a Lagrange-Souriau form on E. 
for any vector field Z on E.
2.4 By a symmetry of the Euler-Lagrange equations we understand a map φ ∈ Dif f (S) such that if Ψ : M → S is a solution of these equations, then φ • Ψ is a solution of these equations also.
It is easy to see that if φ ∈ Dif f (S) is such thatφ leaves E invariant and:
then it is a symmetry of the Euler-Lagrange equations (2.12). We call the symmetries of this type Noetherian symmetries for (E, σ).
If a group G act on S: G ∋ g → φ g ∈ Dif f (S) then we say that G is a group of Noetherian symmetries for (E, σ) if for any g ∈ G, φ g is a Noetherian symmetry. In particular we have:
It is considered of physical interest to solve the following classification problem: given the manifold S with an action of some group G on S, find all Lagrangian systems (E, σ)
is on open subset and G is a group of Noetherian symmetries for (E, σ). This goal will be achieved by solving simultaneously (2.7), (2.8) and (2.14) in local coordinates and then investigating the possibility of globalizing the result.
2.5 Now we make the connection with the usual Lagrangian formalism. We can
consider that the open set V ⊆ π −1 (U ) is simply connected by choosing it small enough.
The first task is to exhibit somehow a Lagrangian. To this purpose, we use the structure equations (2.9)-(2.11). Using induction (from k = n to k = 0) and applying repeteadly the Poincaré lemma, one shows rather easily that σ ...
... and τ ...
... can be written in the following form:
are (real) functions defined on V and completely antisymmetric in the indices µ 1 , ..., µ n and also in the indices A 1 , ..., A n . A more abstract way to prove this is given in [6] . From (2.8) one has in V :
for some n-form θ. Then one can show that by eventually redefining θ: θ → θ + df one can exhibit it in the form:
Then (2.15) and (2.16) follow from (2.3), (2.17) and (2.18).
Finally, using the structure equation (2.5) one gets a recurrence relation for the func-
and easily shows that: [5] . So, we can conclude that the framework above generalizes the scheme from [3] - [5] in the folowing sense: the central object is now the Lagrange-Souriau form σ, not the Poincaré-Cartan form θ. The connection between them is only local (see (2.17)) and σ can be globally defined. Now one can easily show that the local form of the Euler-Lagrange equations (2.12) coincides with the usual one. Namely, one chooses convenient local coordinates (
on an open set U ⊆ S, such that the evolution Ψ : M → S will be locally given by
) and the equations (2.12) have the local expression: ... ≡ 0, i.e. σ ≡ 0. For another proof see [7] .
Let us suppose now for the moment that σ is exact i.e. verifies (2.17) on the whole E. Then one can define the action functional by the formula:
One can show that Ψ is a solution of the Euler-Lagrange equations iff it is an extremal of the action functional.
We say that the functional A is a trivial action if it gives trivial Euler-Lagrange equations. Then the usual definition of Noetherian symmetries is encoded in the relation:
(see [2] ).
Now one can establish that in this case (2.22 ) is equivalent to the definition (2.13)
given in the general case. To prove this assertion one proceeds as follows. First, one notes that in this case one can write θ as θ L for some Lagrangian L, and (2.21) becomes the usual expression:
Next, one plugs this expression into (2.22) and obtaines (taking into account that Ψ is arbitrary):
Here J φ follows from the (eventual) volume change induced by φ and L 0 is a trivial Lagrangian i.e. a Lagrangian giving trivial Euler-Lagrange equations of motions.
Now it is a matter of computation to show that (2.24) is equivalent to the following
Applying the exterior derivative one gets: 2.6 An important particular case of the general framework presented in the Section 2.2 is the following one. We say that a Lagrangian system (E, σ) is of the Chern-Simons type if: 
Conformal Field Theories
3.1 We consider only the simplest case of a primary field. In the general framework of Section 2, we take S = R 2 × R 2 with coordinates (x 1 , x 2 , ψ 1 , ψ 2 ). As it is well known, it is more convenient to use as independent variables the following complex combinations:
for µ = +, −. As we have said in the Introduction, we will consider that in fact z µ takes values in the completed complex plane C ∪ {∞}. We take for the evolution space the manifold E ≡ J 
where we have taken into account the fact that (2.5) for k = 1 gives σ µ 0 ν 0 = 0. Here:
We list now the structure equations. From (2.5) we have:
From (2.9) we have:
From (2.10) we have: δσ
Finally, from (2.11) we have:
Here:
(3.14)
3.2 We now impose the invariance with respect to global conformal transformations.
Let f + and f − be homografic functions of the variables z + and z − respectively. For consistency we must require that:
We denote by f the map:
Then we consider the following transformation on S:
Here m + and m − are two real numbers characteristic of the primary field ψ (the conformal weights). Byḟ we denote the first derivative of f .
We say that the Lagrangian system (E, σ) is globally conformal invariant if for any f µ we have:
Let us make the connection with the usual definition of conformal invariance. We suppose for the moment that σ = dθ and we define the action functional by (2.22).
If f is as above then the action of the corresponding conformal transformation on the set of immersions Ψ : M → S (for a 2-dimensional manifold M ) is:
(see e.g. [1] ).
Then (3.18) is equivalent to the usual definition of conformal invariance: 
with θ µ infinitesimally small, computes the variation of σ with respect toφ f , and takes into account the fact that θ + and θ − are of the following form (see [1] p. 190):
with a −1 , a 0 and a 1 arbitrary complex numbers.
We will give below the result of this elementary but tedious computation. It is convenient to define the following differential operators on E:
(3.23) and:
Then (3.18) is infinitesimally equivalent to the following set of relations:
In (3.33) and (3.36) we mean by · · · some algebraic expressions in σ ... ... which will not be needed.
In the following section we will analyse separately the cases (m + ) 2 + (m − ) 2 = 0 and m + = m − = 0 and we will prove that σ can be exhibited in the form σ L = dθ L such that the corresponding action functional is strictly invariant with respect toφ f defined by (3.19) above. The idea is to first analyse the functions σ ...
... and then to eliminate them completely from the game and ending up with a Chern-Simons Lagrangian theory.
Of course, the result anticipated above means that this last contribution will be in fact trivial.
The main theorem
4.1 In this case we use instead of the variables χ ν µ the new coordinates:
and:
The Jacobian D(X, Y )/D(χ) is non-singular outside the hypersurface ψ + ψ − = 0.
Then it easily follows that (3.27) and (3.30) means that σ 
where: 
then we get respectively:
and: 
Inserting (4.4) and (4.9) into (4.8) we get an equation of the same type for L
where by · · · we mean some ψ-dependent functions.
We iterate the procedure. Inserting (4.9) into (3.7) we get as before that σ µ 0 ,µ 1 ν 0 ,ν 1 are of the form:
with L 
where by · · · we mean some expression depending only on ψ and X which is polynomial in X of maximal degree 1.
Finally, we insert (4.11) into (3.6) and find out that there exists a (ψ, X)-dependent function L 0 such that:
The derivation of (4.9), (4.11) and (4.13) is a process of the same type as the process leading to the equations (2.15).
If we insert (4.13) into (4.12) we can prove that in fact the right hand side of (4.12)
does not depend on X and we have:
for some ψ-dependent functions F µ ρ and F ρ . Now the structure equation (3.5) . As a byproduct we will show that L 0 (which is not unique) can be chosen such that in (4.14) the right hand side is in fact X-independent.
To this purpose we define:
It is clear that σ CS is of the Chern-Simons type and also that (3.18) is equivalent to:
It is better to compute separatedly the first two terms and the last two terms in (4.17), using of course an infinitesimal transformation. For the first two terms it is convenient to compute first the variation of θ L and then to use σ = dθ L . For the last two terms in (4.17)
we make σ 
then it is easy to prove that (4.17) gives:
Substituting this expression into (4.24) it follows that in fact:
Then (4.29) tells us that (τ CS ) ν 0 is only a ψ-dependent function. Inserting this information into (4.21) we get: ∂P ρ ∂χ ν 0 ρ = 0 so, taking into account (4.18) it follows that in fact:
This relation gives the following form of (4.14):
(We recall that F ρ is ψ-independent).
Because (τ CS ) ν 0 is only a ψ-dependent function, the relation (4.27) gives us:
(τ CS ) ν 0 = ∂l ∂ψ ν 0 . Remark It is quite plausible that a result of the same type stays true for a more general case of a Lagrangian theory depending on two or more primary fields.
